Vidyamandir Classes Trigonometric Identities and Equations

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRICAL EXPRESSIONS Section - 4

In this section, we shall discuss problems on finding the maximum and minimum values of various trigonometrical
expresions.

As discussed that —1<sin x<1,-1<cosx<1],—eo<tanx<oo,Isecx|>1 and lcosecx|=>1.
Consider the expression a cos0 b sin 6, where @ is a variable.

Lety= acosOtbsin

. [2, .2 b
Further, let a = r coso and b = rsina.. Then, r= \a~ +b” and tano =

a

y= rcoso.cosxrsinasin® = y=rcos(0Fa)
We know that —1<cos(®0Fa) <1 for all ©
= —-r<rcos@Fo)<r for all 9

= —Ja® +b* < y <\a® +b* for all @
= —Ja? +b> <acos®*b sin 0 <\la> +b> forall 0

It follows from the above discussion that —\[az +b% and \/az +b?% are minimum and maximum values of @ cos® + b sin 0

for varying values of 9.

Note :

Above result can also be derived by taking a = r sin a. and b = r cos a. ‘

Important : The maximum and minimum values of a cos0+ b sin6 + ¢ are

c+ \Iaz +b% and ¢ —\/az +b? , respectively.
; 2 2 : 2 2
Le., c—ya“ +b° <acosOxbsinO+c<c++a +b" .

Illlustrating the Concepts :

Find the maximum and minimum value of :
@) sin@ + cos0O (ii) \3 sin6 — cos6 (iii) 5 sin@ + 12 cos 6 + 7

Given expressions are in the form of : Now sin of an angle must be between —1 and 1.
a sin O + b cosO. N —135in(9+§j£1
Express this in terms of one T-ratio by dividing and n
P 2, 22 - —J2<\2sin| 0+ |<42
multiplying by (a“ + b~) ( 4j
i in@ + cos® =1 -sin® + 1 - cosO
® st €os s €os So maximum value of sin + cos0 is \/5 and minimum
1 1
= \/E(—sine +—cos 6] value of sin® + co0 is —\/5.
NN
i e .. . NE 1
= ﬁ(sine COS— + cos 0 Sin_j (i) 3 sinB —cos =2 7s1n9—5c0s9
4 4

. T
=+2 sm[ﬂ + Z] [Multiplying and divide by 4/(+/3)? + (1)? ]
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) T T then coso=5/13, sinot= 12/13,
= 2| sin® cosg—cosesmg

n 5 sin® + 12 cosO = 13 [sin O cosc. + cosO sinc]
2sin (9 — —j

5sin® + 12 cos® +7 =13 [sin (O + )] + 7

as —ISsin[G—ngI = —2S2sin(9—gj32 as —1<sin 0+ ) <1

So maximum value is 2 and minimum value is —2. = —13<13sin (0 + o) <13

(iii) Consider 5 sin® + 12 cos6 —134+7<13sin 0+ 0)+7<13+7

= 13 [5/13 5in6 + 12/13 cosb] So maximum value is 20 and minimum value is —6.

[Multiplying and divide by /52 +122 ]

Construct a triangle with sides, 5, 12, 13. If o is an
angle of triangle,

’ Note : Above questions can also be solved using formula given in section-4.

Illustration - 20 The expression 5 cos x + 3 cos (x + /3) + 3 lies between.

(A) 4 and 10 (B) —4 and 10 (&) (0, 4) and (5, 10) (D) None of these
SOLUTION : (B)

T . . T
5cosx+3 (cosxcosg—smxsmgj +3

COSX (5+§]—sinx-ﬂ+3
2 2
13 33

—cosx———sinx+3
2 2

13/2 3J3/2 2 2
169 27 cos X — sin x . . 13 33
+— +3 Multiplying and divide b — | +
4 2 \/169+27 \/169+27 [Multiplying Yl 5 5| ]
4 4 4 4
343
=7 (coso. cosx — sin@. sinx) + 3 [where tan o = 1\/;]

=7cos(0n+x)+3

As —I1<cos(at+x)<1
ie., —7+3<T7cos(a+x)+3<7+3
ie., —4<7cos(a+x)+3<10

m If O € R, the expression a sin*60 + b sin 0 cos 0 + ¢ cos? 0 lies between :
=l b} 1 B a+tc a—c
@ = Jb* +(a=c)” and 3 b +(a—c) (B) and

2 2

at+c 1 atc 1
(C) 5 —E,/bz +(a—c)2 and +E,[b2 +(a—c)2 (D) None of these

2

24 m Self Study Course for IITJEE with Online Support




Vidyamandir Classes Trigonometric Identities and Equations

SOLUTION : (C)
Letf(0)=a $in%0 + b sinf cosO + ¢ cos20

a(l-cos20) b o c(+cos20) (¢ _a 0520+ 2 sin20+ 44+ €
2 2 2 2 2 2 2

1 A _ 1 b’ +(a—c)
E(a+c)+ b*+(a—-c) (s1n2600s0c—00526s1noc)=§(a+c)+fsm(29—oc)
As —1<sin(20—a) <1

{a+c}_«/b2+(a—0)2 <f(e)<{a+c}+\lb2+(a—c)2
2 a h 2

2 2

’Note : Above question can also be solved by directly applying result given in Section-4. ‘

m Find the maximum and minimum values of sin®x + cosOx.

1 3 1 3

(A) 1 and Z (B) 1 and Z ©) 0 and Z (D) 0 and Z

SOLUTION : (A)
If the function contains only even powers of sine and cosine of the same angle, use the following properties

@) sin?x + cosZx = 1 (ii) 2 sinx cosx = sin2x.

Let fx) = sin®x + cos®x
= (sinzx)3 + (coszx)3
= (sinzx + cos2)c)3 — 3 sinx cosZx (sinzx + coszx)

=1 — sin%x cosZx

=1 g(-ZZ
= —4smx)

When (sin 2x)2 is minimum i.e. 0, then y will be maximum and when (sin 2x)2 is maximum i.e. 1, then y will be minimum.

Hence f(x)male—%x0=1 and f(x)minzl_%X1=i'
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